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A Banach space X is said to have the kp-approximation property (kp-AP) if for every Banach
space Y , the space F(Y , X) of ﬁnite rank operators is dense in the space Kp(Y , X) of
p-compact operators endowed with its natural ideal norm kp . In this paper we study this
notion that has been previously treated by Sinha and Karn (2002) in [15]. As application,
the kp-AP of dual Banach spaces is characterized via density of ﬁnite rank operators in
the space of quasi p-nuclear operators for the p-summing norm. This allows to obtain a
relation between the kp-AP and Saphar’s approximation property. As another application,
the kp-AP is characterized in terms of a trace condition. Finally, we relate the kp-AP to the
(p, p)-approximation property introduced in Sinha and Karn (2002) [15] for subspaces of
Lp(μ)-spaces.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
A Banach space X is said to have the approximation property (AP) if the identity map I X on X can be approximated
by ﬁnite rank operators uniformly on every compact subset of X . By the well known result due to Grothendieck [4] (see,
e.g., [12, p. 74]), X has the AP if and only if the natural surjection J from the projective tensor product Y ∗ ⊗̂π X onto the
space of nuclear operators N1(Y , X) is injective for all Banach spaces Y . Weaker forms of the AP have been deﬁned later
by restricting the above map to certain subspaces of the projective tensor products. For instance, if gp denotes de Chevet–
Saphar tensor norm (1 p ∞), recall that a Banach space X is said to have the Saphar’s approximation property of order
p (APp) if the natural surjection from Y ∗ ⊗̂gp X , the completion of Y ∗ ⊗ X in the tensor norm gp , onto the space of p-nuclear
operators Np(Y , X) is injective for all Banach spaces Y [13]. In early 1980s, Reinov extended the notion of APp to the case
of 0 < p  1 (see, e.g., [10]).
The Grothendieck’s characterization of the AP in terms of tensor products mentioned above draws heavily on the vi-
sualization of relatively compact sets as those sitting inside the convex hull of norm null sequences. Following this idea,
a strengthened form of compactness has been recently introduced by Sinha and Karn [15] as follows. Let 1 p ∞ and let
p′ be the conjugate index of p (i.e., 1/p + 1/p′ = 1). The p-convex hull of a weakly p-summable sequence (xn) is deﬁned
as p-conv(xn) = {∑n anxn: ∑n |an|p′  1} ((an) ∈ Bc0 if p = 1). A set K ⊂ X is said to be relatively p-compact if there exists
(xn) ∈ p(X) ((xn) ∈ c0(X) if p = ∞) such that K ⊂ p-conv(xn). The corresponding notion of approximation property of order
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J.M. Delgado et al. / J. Math. Anal. Appl. 370 (2010) 498–505 499p is then deﬁned in an obvious way: X is said to have the p-approximation property (p-AP) if the identity map I X on X can
be approximated by ﬁnite rank operators uniformly on every p-compact subset of X . It is immediate that the p-AP implies
the q-AP whenever q < p. In [15, Theorem 6.4], it is proved that all Banach spaces have the 2-AP (and, thus, the p-AP for
all p ∈ [1,2]). It is also showed that for every p > 2 there exists a Banach space that fails the p-AP.
For Banach spaces X and Y , let us denote the space of all bounded linear operators from X to Y by L(X, Y ). Relying on
the notion of p-compactness, an operator T ∈ L(X, Y ) is said to be p-compact if T maps bounded subsets of X to relatively
p-compact subsets of Y [15]. In [2, Theorem 2.1], Oja and the authors have proved that X has the p-AP if and only if for
every Banach space Y , the space F(Y , X) of all ﬁnite rank operators from Y to X is dense in the space Kp(Y , X) of all
p-compact operators from Y into X for the topology of the usual operator norm ‖ · ‖. Now, Kp equipped with the norm kp
deﬁned by
kp(T ) = inf
{(∑
n
‖yn‖p
)1/p
: (yn) ∈ p(Y ) and T (BX ) ⊂ p-conv(yn)
}
for all T ∈ Kp(X, Y ) is a Banach operator ideal (it is not diﬃcult to show that this deﬁnition of kp coincides with that
considered in [15]; see [3, Proposition 3.15]). So a natural question arises (see the remark after [15, Theorem 6.3]): does
Theorem 2.1 in [2] hold when the usual operator norm is replaced with kp? In Section 2, it will be shown that the answer
to this question is, in general, negative (Theorem 2.4). So, this makes sense to introduce the following type of approximation
property of order p.
Deﬁnition 1.1. A Banach space X is said to have the kp-approximation property (kp-AP) if for every Banach space Y ,
F(Y , X)kp = Kp(Y , X).
From the well known Grothendieck’s classics, a Banach space X has the AP iff, for every Banach space Y , F(Y , X)‖·‖ =
K(Y , X). Since K∞ coincides with the operator ideal K of compact operators and k∞ is the usual operator norm, the kp-AP
may be considered as a gradation of the classic AP. Recently, Sinha and Karn have introduced the notion of approximation
property of type p [16, Deﬁnition 4.4]. According to [3, Section 3] and [16, Theorem 4.5], this latter notion is equivalent
to F(Y , X)νQp = QN p(Y , X) for every Banach space Y , where [QN p, νQp ] denotes the Banach ideal of quasi p-nuclear
operators. So, this latter concept has a formally similar approach to the kp-AP deﬁnition but using another Banach operator
ideal.
The main purpose of this paper is to study the kp-AP. In Section 2, several conditions equivalent to this property are
shown. Basing on a recent paper of the authors [3], we also obtain extra characterizations of the kp-AP for dual Banach
spaces. As application, the kp-AP is related to Saphar’s approximation property (Corollary 2.5). In Section 3, the kp-AP is
characterized via a trace condition. Finally, Section 4 is devoted to relate the kp-AP to the (p, p)-approximation property
introduced by Sinha and Karn [15]. In fact, we prove that both notions overlap for subspaces of Lp(μ)-spaces.
Our notation is standard. A Banach space X will be regarded as a subspace of its bidual X∗∗ under the canonical embed-
ding i X : X → X∗∗ . We denote the closed unit ball of X by BX . By p(X) (respectively, wp (X)) we mean the Banach space
of p-summable (respectively, weakly p-summable) sequences in X endowed with its usual norm ‖ · ‖p (respectively, ‖ · ‖wp ).
Given an absolutely convex and compact set A ⊂ X , span(A) is denoted by XA . This space is normed by the Minkowski’s
functional of A:
ρA(x) = inf{t > 0: x ∈ t A}.
It is well known that (XA,ρA) is complete and A is its closed unit ball. The canonical inclusion map from XA into X ,
denoted by j A , is obviously compact. Moreover, if p > 1 and A = p-conv(xn) with (xn) ∈ p(X), then XA is reﬂexive.
If A is an operator ideal, then Ad denotes its dual operator ideal. The components of Ad are Ad(X, Y ) = {T ∈
L(X, Y ): T ∗ ∈ A(Y ∗, X∗)}. We denote by K and F the operator ideals of compact and ﬁnite rank linear operators, respec-
tively. We also need the following Banach operator ideals: [Np, νp] – p-nuclear operators, [QN p, νQp ] – quasi p-nuclear
operators, [Πp,πp] – p-summing operators and [Ip, ιp] – p-integral operators. We refer to the Lindenstrauss and Tzafriri
and Ryan’s books [6] and [12] for the classical approximation properties and to Pietsch’s book [8] for operator ideals (see
also [1] by Diestel, Jarchow and Tonge for common operator ideals as Np , Πp and Ip and [9] by Persson and Pietsch for
QN p).
2. The kp-approximation property
Let p  1. In view of [2, Theorem 2.1], a straightforward argument yields that X has the p-AP if and only if for every
Banach space Y , T ∈ Kp(Y , X) and ε > 0, there exists S ∈ F(X, X) such that ‖T − S ◦ T‖ < ε. Replacing the usual operator
norm with the norm kp , we are going to obtain a characterization of the kp-AP. Our proof follows a similar pattern to
the classic case (see, for example, [12, pp. 78–79]). Given a sequence xˆ = (xn) ∈ p(X), we denote by φxˆ the operator in
Kp(p′ , X) (Kp(c0, X) if p = 1) such that φxˆ(en) = xn for each n ∈ N, where (en) denotes the unit vector basis of p′ (c0 if
p = 1).
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(1) X has the kp-AP.
(2) For every (xn) ∈ p(X) and ε > 0, there exists S ∈ F(X, X) such that kp( j A − S ◦ j A) < ε, where A = p-conv(xn).
(3) For every sequence xˆ = (xn) ∈ p(X) and ε > 0, there exists S ∈ F(X, X) such that kp(φxˆ − S ◦ φxˆ) < ε.
(4) For every Banach space Y , T ∈ Kp(Y , X) and ε > 0, there exists S ∈ F(X, X) such that kp(T − S ◦ T ) < ε.
Proof. (1) ⇒ (2) Given ε > 0 and (xn) ∈ p(X), put A = p-conv(xn) (A = p-conv(xn) = {αnxn: (αn) ∈ B∞} if p = 1) and
choose (γn) ↘ 0, ‖(γn)‖∞  1, such that (zn) = (γ −1n xn) ∈ p(X). Set Z = p-conv(zn) (Z = p-conv(zn) if p = 1). It is easy to
check that A ⊂ Z is a compact subset of XZ and (XZ )A = XA . In other words, if j Z ,A is the canonical inclusion from XA
into XZ , we have
XA
jZ ,A
jA
X
XZ
jZ
Since the canonical inclusion j Z : XZ → X is p-compact, there exists R ∈ F(XZ , X) such that
kp( j Z − R) < ε
2
.
The operator R admits a representation of the form R = ∑Nk=1 ψk ⊗ uk , where ψk ∈ (XZ )∗ , uk ∈ X and ‖(u1, . . . ,uN ,
0, . . .)‖p = ε/2. From the injectivity of j Z , it follows that j∗Z has dense image in (XZ )∗ for every locally convex topol-
ogy in (XZ )∗ compatible with the duality 〈XZ , (XZ )∗〉 and, in particular, for the topology of the uniform convergence on
compact sets in XZ . Hence, for each k = 1, . . . ,N , there exists x∗k ∈ X∗ such that
sup
x∈A
∣∣〈 j Z ,A(x),ψk − j∗Z (x∗k)〉∣∣ 1N1/p′ .
Put S =∑Nk=1 x∗k ⊗ uk ∈ F(X, X). If x ∈ A = BXA , then
(R ◦ j Z ,A − S ◦ j A)(x) =
N∑
k=1
[
ψk
(
j Z ,A(x)
)− x∗k( j Z ◦ j Z ,A(x))]uk = N∑
k=1
〈
j Z ,A(x),ψk − j∗Z
(
x∗k
)〉
uk
and
∑N
k=1 |〈 j Z ,A(x),ψk − j∗Z (x∗k )〉|p
′  1. So (R ◦ j Z ,A − S ◦ j A)(BXA ) ⊆ p-conv(un) and this means that kp(R ◦ j Z ,A − S ◦ j A)
ε/2. Finally, we have
kp( j A − S ◦ j A) kp( j Z ◦ j Z ,A − R ◦ j Z ,A) + kp(R ◦ j Z ,A − S ◦ j A) < kp( j Z − R)‖ j Z ,A‖ + ε
2
< ε.
(2) ⇔ (3) is immediate since φxˆ(Bp′ ) = j A(BXA ) (BXA = A = p-conv(xn)).
(3) ⇒ (4) Given a Banach space Y , an operator T ∈ Kp(Y , X) and ε > 0, choose xˆ = (xn) ∈ p(X) such that T (BY ) ⊆
p-conv(xn). By hypothesis, there exists an operator S ∈ F(X, X) such that kp(φxˆ − S ◦ φxˆ) < ε. Since p-conv(xn) = φxˆ(Bp′ ),
it follows that kp(T − S ◦ T ) < ε. Finally, (4) ⇒ (1) is obvious. 
Remark 2.2. Notice that condition (2) in Proposition 2.1 can be replaced with
(2′) For every p-compact subset K of X and ε > 0, there exist a sequence (xn) ∈ p(X) and an operator S ∈ F(X, X) such
that K ⊂ A := p-conv(xn) and kp( j A − S ◦ j A) < ε.
Using the same terminology as in the beginning of Section 4 in [16], (2′) might be considered as a “set type” condition
equivalent to the kp-AP.
In [3, Section 3], it is proved that p-compactness and quasi p-nuclearity are dual notions. In fact, an operator T belongs
to QN p(X, Y ) (respectively, Kp(X, Y )) if and only if T ∗ belongs to Kp(Y ∗, X∗) (respectively, QN p(Y ∗, X∗)) and νQp (T ) =
kp(T ∗) (respectively, kp(T )  νQp (T ∗); it is easy to check that the equality holds whenever T is valued in a dual Banach
space). From this, it is clear that an operator is quasi p-nuclear if and only if its biadjoint is with desirable equality of
νQp -norms. These results will be used in the following characterization of the kp-AP for dual Banach spaces (for p = ∞,
it coincides with the well known Grothendieck’s characterization of the AP for dual Banach spaces since QN ∞ = K). If
xˆ∗ = (x∗n) ∈ p(X∗), we will denote by ψxˆ∗ the operator in QN p(X, p) given by ψxˆ∗ (x) = (〈x, x∗n〉) for all x ∈ X .
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(1) X∗ has the kp-AP.
(2) For every Banach space Y , T ∈ Kp(Y , X∗) and ε > 0, there exists R ∈ F(X, X) such that kp(T − R∗ ◦ T ) < ε.
(3) For every xˆ∗ = (x∗n) ∈ p(X∗) and ε > 0, there exists R ∈ F(X, X) such that νQp (ψxˆ∗ − ψxˆ∗ ◦ R) < ε.
(4) For every Banach space Y , T ∈ QN p(X, Y ) and ε > 0, there exists R ∈ F(X, X) such that νQp (T − T ◦ R) < ε.
(5) For every Banach space Y , F(X, Y )νQp = QN p(X, Y ).
Proof. (1) ⇒ (2) Given a Banach space Y , T ∈ Kp(Y , X∗) and ε > 0, we choose (x∗n) ∈ p(X∗) such that T (BY ) ⊆ p-conv(x∗n).
Put A = p-conv(x∗n) (A = p-conv(x∗n) if p = 1). By Proposition 2.1(2), there exists S ∈ F(X∗, X∗) such that
kp( j A − S ◦ j A) < ε
2
.
The operator S admits a representation of the form S = ∑Nk=1 z∗∗k ⊗ u∗k , where z∗∗k ∈ X∗∗ , u∗k ∈ X∗ and ‖(u∗1, . . . ,u∗N ,
0, . . .)‖p < ε/2. Now, for each k = 1, . . . ,N , there exist z1, . . . , zN ∈ X such that
sup
x∗∈A
∣∣〈z∗∗k − zk, x∗〉∣∣< 1N1/p′
[6, Lemma 1.e.17]. Put S0 = ∑Nk=1 zk ⊗ u∗k . If x∗ ∈ A, we have (S0 ◦ j A − S ◦ j A)(x∗) = ∑Nk=1〈z∗∗k − zk, x∗〉u∗k and∑N
k=1 |〈z∗∗k − zk, x∗〉|p
′  1. In other words,
(S0 ◦ j A − S ◦ j A)(B(X∗)A ) ⊆ p-conv
(
u∗n
)
and kp(S0 ◦ j A − S ◦ j A) < ε
2
.
Now, consider the operators R =∑Nk=1 u∗k ⊗ zk ∈ F(X, X) and T̂ : y ∈ Y → T y ∈ (X∗)A . It is clear that S0 = R∗ , ‖T̂‖ 1 and
T = j A ◦ T̂ . Finally,
kp
(
T − R∗ ◦ T ) kp( j A ◦ T̂ − S ◦ j A ◦ T̂ ) + kp(S ◦ j A ◦ T̂ − S0 ◦ j A ◦ T̂ )
 kp( j A − S ◦ j A) + kp(S ◦ j A − S0 ◦ j A)
<
ε
2
+ ε
2
= ε.
(2) ⇒ (3) It is obvious since (ψxˆ∗ − ψxˆ∗ ◦ R)∗ = φxˆ∗ − R∗ ◦ φxˆ∗ . The proof of (3) ⇒ (4) is similar to (3) ⇒ (4) in Proposi-
tion 2.1 and (4) ⇒ (5) is trivial.
(5) ⇒ (1) It is quite similar to the proof of [16, Theorem 4.6] but we include it in order to make clear the reading and
understanding. Given a Banach space Y , T ∈ Kp(Y , X∗) and ε > 0, we have that T ∗ ◦ i X ∈ QN p(X, Y ∗). By hypothesis, there
exists S ∈ F(X, Y ∗) such that
νQp
(
T ∗ ◦ i X − S
)
< ε. (1)
Now, the operator T − S∗ ◦ iY is valued in a dual space and (T ∗ − i∗Y ◦ S∗∗) = (T ∗ ◦ i X − S)∗∗ , so
kp
(
T − S∗ ◦ iY
)= νQp (T ∗ − i∗Y ◦ S∗∗)= νQp ((T ∗ ◦ i X − S)∗∗)= νQp (T ∗ ◦ i X − S)
and (1) follows. 
Theorem 2.4. For each p = 2, there exists a Banach space whose dual lacks the kp-AP. As a consequence, for each 1 p < 2, the dual
of the above Banach space enjoys the p-AP but lacks the kp-AP.
Proof. If X and Y are Banach spaces, by [16, Theorem 2.6] and the injectivity of the Banach ideals QN p and Πp , we have
νQp (T ) = πp(T ) for all T ∈ F(X, Y ). On the other hand, for each p = 2, there exist Banach spaces X and Y such that F(X, Y )
is not πp-dense (thus, not ν
Q
p -dense) in QN p(X, Y ) [10, Corollary 1.1]. According to Theorem 2.3, X∗ lacks the kp-AP. The
consequence is concluded via [15, Theorem 6.4]. 
By [14, Theorem 4], if X∗∗ has the Saphar’s approximation property APp′ , then F(X, Y ) is πp-dense in QN p(X, Y ) for
every Banach space Y . Using Theorem 2.3, a relation between the kp-AP and the Saphar’s approximation property APp′ is
obtained in the following result.
Corollary 2.5. Let X be a Banach space and let 1 < p < ∞. If X∗∗ has the APp′ , then X∗ has the kp-AP.
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In this section we will prove the following characterization of the kp-AP:
Theorem 3.1. Let X be a Banach space and p  1. The following statements are equivalent:
(1) X has the kp-AP.
(2) For every (xn) ∈ p(X) and every xˆ∗ = (x∗n) ∈ p′ (X∗) such that φxˆ∗ : en ∈ p → x∗n ∈ X∗ is p′-integral and
∑
n〈x, x∗n〉xn = 0 for
all x ∈ X, we have∑n〈xn, x∗n〉 = 0.
To prove the above theorem we need a description of the dual space Kp(Y , X)∗ . We denote by N p(Y , X) the space of all
operators T ∈ L(Y , X) for which there exist sequences (xn) ∈ p(X) and (y∗n) ∈ wp′(Y ∗) such that T admits the representation
T =∑n y∗n ⊗ xn (see [11]). The norm in N p(Y , X) will be denoted by ν p and is deﬁned by
ν p(T ) = inf∥∥(y∗n)∥∥wp′ · ∥∥(xn)∥∥p
where the inﬁmum is taken over all possible representations of the operator T in the above form. It is clear that
N p(Y , X) ⊂ Kp(Y , X) and kp(T ) ν p(T ) for all T ∈ N p(Y , X). In fact, the ideal Kp is the surjective hull of the ideal N p
[3, Proposition 3.11]. The following result is well known; we include the proof for the sake of completeness.
Proposition 3.2. Let X and Y be Banach spaces and p  1. If Y ∗ (respectively, X∗) has the AP, then N p(Y , X)∗ is isometrically
isomorphic to Πp′ (Y ∗, X∗).
Proof. We only prove the proposition when Y ∗ enjoys the AP (the other case is similar). Given f ∈ N p(Y , X)∗ , we deﬁne
S f : y∗ ∈ Y ∗ → S f y∗ ∈ X∗ so that 〈x, S f y∗〉 = f (y∗ ⊗ x) for all x ∈ X and y∗ ∈ Y ∗ . Obviously,
f (T ) = tr(S f ◦ T ∗)= tr(T ∗ ◦ S f ) for all T ∈ F(Y , X),
where tr(·) denotes the trace of the corresponding ﬁnite rank operator. First, we are going to show that S f ∈ Πp′ (Y ∗, X∗).
Fix N ∈ N, (y∗n) ∈ wp′ (Y ∗), x1, . . . , xN ∈ BX and (αk)Nk=1 ∈ BNp . We have∣∣∣∣∣
N∑
k=1
〈
xk, S f y
∗
k
〉
αk
∣∣∣∣∣=
∣∣∣∣∣
N∑
k=1
f
(
y∗k ⊗ (αkxk)
)∣∣∣∣∣=
∣∣∣∣∣ f
(
N∑
k=1
y∗k ⊗ (αkxk)
)∣∣∣∣∣ ‖ f ‖ν p
(
N∑
k=1
y∗k ⊗ (αkxk)
)
 ‖ f ‖∥∥(y∗n)∥∥wp′ .
A standard argument yields
(∑
n
∥∥S f y∗n∥∥p′)1/p′  ‖ f ‖∥∥(y∗n)∥∥wp′ ,
so S f ∈ Πp′ (Y ∗, X∗) and πp′ (S f ) ‖ f ‖.
Now, consider T ∈ N p(Y , X) and sequences (y∗n) ∈ wp′(Y ∗) and (xn) ∈ p(X) such that T =
∑
n y
∗
n ⊗ xn . For each n ∈ N,
deﬁne Tn =∑nk=1 y∗k ⊗ xk . It is clear that (Tn) νp→ T , so
f (T ) = lim
n
f (Tn) = lim
n
tr
(
S f ◦ T ∗n
)= lim
n
n∑
k=1
〈
xk, S f y
∗
k
〉=∑
n
〈
xn, S f y
∗
n
〉
.
This implies that the series
∑
n〈xn, S f y∗n〉 is convergent and its sum is independent of the N p-representation of T .
On the other hand, consider a p′-summing operator S : Y ∗ → X∗ . If T ∈ N p(Y , X) then T ∗ ◦ S ∈ N1(Y ∗) and ν1(T ∗ ◦ S)
νp(T ∗)πp′ (S) [1, Theorem 5.29]. Since Y ∗ has the AP, the trace functional is well deﬁned and continuous on N1(Y ∗). So the
linear map f S : T ∈ N p(Y , X) → tr(T ∗ ◦ S) ∈R satisﬁes∣∣ f S(T )∣∣= ∣∣tr(T ∗ ◦ S)∣∣ νp(T ∗)πp′(S) ν p(T )πp′(S).
This means that f S belongs to N p(Y , X)∗ and ‖ f S‖ πp′ (S). 
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isomorphic to Ip′ (Y ∗, X∗).
Proof. Again, we only consider the case in which Y ∗ has the AP. Given S ∈ Ip′ (Y ∗, X∗), we consider the linear form f S
on Kp(Y , X) deﬁned by f S (T ) = tr(T ∗ ◦ S). To see that f S is well deﬁned and continuous, recall that T ∈ Kp(Y , X) iff
T ∗ ∈ QN p(X∗, Y ∗) [3, Proposition 3.8]. According to [9, Theorem 48], the composition T ∗ ◦ S is nuclear and
ν1
(
T ∗ ◦ S) νQp (T ∗) · ιp′(S) kp(T ) · ιp′(S).
By hypothesis, the trace functional is well deﬁned and continuous on N1(Y ∗). Then we have∣∣ f S(T )∣∣= ∣∣tr(T ∗ ◦ S)∣∣ ν1(T ∗ ◦ S) ιp′(S) · kp(T ),
so we conclude that f S ∈ Kp(Y , X)∗ and ‖ f S‖ ιp′ (S).
Now, given f ∈ Kp(Y , X)∗ , deﬁne S f ∈ L(Y ∗, X∗) by 〈x, S f y∗〉 = f (y∗ ⊗ x) for all x ∈ X and y∗ ∈ Y ∗ and let us see
that S f is p′-integral. Consider the operator uY :1(BY ) → Y deﬁned by uY (ξ) = ∑y∈BY ξ(y)y, where 1(BY ) denotes
the Banach space of all absolutely summable scalar functions deﬁned on BY . Then, an operator T ∈ Kp(Y , X) if and
only if T ◦ uY ∈ N p(1(BY ), X) and kp(T ) = ν p(T ◦ uY ) [3, Proposition 3.11]. Therefore, the inclusion J : T ∈ Kp(Y , X) →
T ◦ uY ∈ N p(1(BY ), X) is an isometry. We deﬁne a linear form Φ on J (Kp(Y , X)) by Φ(T ◦ uY ) = f (T ). Now, con-
sider a Hahn–Banach extension of Φ to N p(1(BY ), X) and denote it by Φ˜ . By Proposition 3.2, there exists an operator
S˜ ∈ Πp′ (∞(BY ), X∗) such that Φ˜(T ) = tr(T ∗ ◦ S˜) for all T ∈ N p(1(BY ), X). In particular, we have
f (T ) = Φ˜(T ◦ uY ) = tr
(
(T ◦ uY )∗ ◦ S˜
)
for all T ∈ Kp(Y , X).
As ∞(BY ) is a C(Ω)-space, the operator S˜ is p′-integral [1, Corollary 5.8], so is S˜ ◦ u∗Y . Notice that, for x ∈ X and y∗ ∈ Y ∗ ,
we have〈
x, S f
(
y∗
)〉= f (y∗ ⊗ x)= Φ˜((y∗ ⊗ x) ◦ uY )
= tr(((y∗ ⊗ x) ◦ uY )∗ ◦ S˜)= tr(˜S∗(x) ⊗ u∗Y (y∗))
= 〈˜S∗(x),u∗Y (y∗)〉= 〈x, S˜u∗Y (y∗)〉.
This leads up to deduce that S f = S˜ ◦ u∗Y and, since kp(T ) = kp(T ◦ uY ) for all T ∈ Kp(Y , X),
ιp′(S f ) ιp′ (˜S) = ‖Φ˜‖ = ‖Φ‖ ‖ f ‖.
Finally, as Y ∗ has the AP, it follows that F(Y , X)kp = Kp(Y , X) [16, Theorem 4.6 and Proposition 4.8] and the proof con-
cludes in a similar way to Proposition 3.2. 
Remark 3.4. Some few changes in the above proof show that Proposition 3.3 is also valid for p = 1 whenever Y ∗ has the
Radon–Nykodim property.
Proof of Theorem 3.1. (1) ⇒ (2) Given the sequences xˆ = (xn) and xˆ∗ = (x∗n) with the required conditions, consider the
linear form f ∈ Kp(p′ , X)∗ deﬁned by f (T ) = tr(T ∗ ◦ φxˆ∗ ) for all T ∈ Kp(p′ , X). As
∑
n〈x, x∗n〉xn = 0 for all x ∈ X , it is easy
to prove that f (R ◦φxˆ) = 0 for all R ∈ F(X, X). According to Proposition 2.1, φxˆ ∈ {R ◦ φxˆ: R ∈ F(X, X)} kp , so the continuity
of f yields f (φxˆ) = 0. Now, notice that φxˆ = kp-limn φxˆ(n) , where xˆ(n) = (x1, . . . , xn,0, . . .). Thus
0= f (φxˆ) = limn f (φxˆ(n)) = limn
n∑
k=1
〈
xk, x
∗
k
〉
.
(2) ⇒ (1) By contradiction, suppose that X has not the kp-AP. Then, Proposition 2.1 tells us that there is a sequence
xˆ = (xn) ∈ p(X) such that φxˆ /∈ {R ◦ φxˆ: R ∈ F(X, X)} kp . So there exists f ∈ Kp(p′ , X)∗ such that f (R ◦ φxˆ) = 0 for all
R ∈ F(X, X) and f (φxˆ) = 1. Since Kp(p′ , X)∗ is isometrically isomorphic to Ip′ (p, X∗) (Proposition 3.3), there exists
S ∈ Ip′ (p, X∗) such that f (T ) = tr(T ∗ ◦ S) for all T ∈ Kp(p′ , X). Now, consider R = x∗ ⊗ x with x ∈ X and x∗ ∈ X∗ , the
representation φxˆ =
∑
n en ⊗ xn and the sequence (x∗n) = (Sen) ⊂ X∗ . Then
0= f (R ◦ φxˆ) = tr
((
φ∗xˆ ◦ R∗
) ◦ S)=∑
n
〈
x, x∗n
〉〈
xn, x
∗〉= 〈∑
n
〈
x, x∗n
〉
xn, x
∗
〉
and, since x∗ can be chosen arbitrarily,
∑
n〈x, x∗n〉xn = 0 for all x ∈ X . By hypothesis,
∑
n〈xn, x∗n〉 = 0; however,
1= f (φxˆ) = tr
(
φ∗xˆ ◦ S
)=∑
n
〈
xn, x
∗
n
〉
and this is a contradiction. 
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Proof. According to Theorem 3.1, given (xn) ∈ p(X) and xˆ∗ = (x∗n) ∈ p′ (X∗) such that φxˆ∗ : en ∈ p → x∗n ∈ X∗ is p′-integral
and
∑
n〈x, x∗n〉xn = 0 for all x ∈ X , we have to prove that
∑
n〈xn, x∗n〉 = 0. Obviously, the operator φ˜xˆ∗ : en ∈ p →
i X∗(x∗n) ∈ X∗∗∗ is p′-integral; therefore, it only remains to show that
∑
n〈x∗∗, x∗n〉xn = 0 for all x∗∗ ∈ X∗∗ .
Given ε > 0, there exists n0 ∈ N such that ∑n>n0 ‖xn‖‖x∗n‖ < ε/3. Now, ﬁx x∗∗ ∈ BX∗∗ and choose x ∈ BX such that|〈x∗∗ − x, x∗k 〉| < ε/(3n0 supn ‖xn‖) (k = 1, . . . ,n0). Then∥∥∥∥∑
n
〈
x∗∗, x∗n
〉
xn
∥∥∥∥ ∥∥∥∥∑
n
〈
x∗∗ − x, x∗n
〉
xn
∥∥∥∥ ∥∥∥∥∑
nn0
〈
x∗∗ − x, x∗n
〉
xn
∥∥∥∥+ ∥∥∥∥∑
n>n0
〈
x∗∗ − x, x∗n
〉
xn
∥∥∥∥ ε3 + 2ε3 = ε
and, since ε can be chosen arbitrarily, the proof is complete. 
Since every Banach space have the AP2, we conclude from Corollary 2.5 and the previous result that
Corollary 3.6. Every Banach space has the k2-AP.
Remark 3.7. Corollary 3.6 may be also showed using that every Banach space X enjoys the approximation property of
type 2 [16, Example 4.9(2)]. In fact, given an arbitrary Banach space Y and T ∈ K2(Y , X), put T = j A ◦ T̂ as in the proof
of Theorem 2.3. Since (XA)∗ has the approximation property of order 2, given ε > 0 there exists Ŝ ∈ F(XA, X) such that
k2( j A − Ŝ) < ε [16, Theorem 4.6]. Just notice that the operator Ŝ ◦ T̂ ∈ F(Y , X) is such that k2 (̂S ◦ T̂ − T ) < ε.
4. The kp-approximation property for subspaces of Lp(μ)
From the deﬁnition, it is easy to deduce that X has the p-AP if and only if for every sequence (xn) ∈ p(X) and ε > 0,
there exists S ∈ F(X, X) such that ‖(xn − Sxn)‖wp < ε (see the text after [15, Deﬁnition 6.1]). Sinha and Karn, motivated by
the weakness of the p-AP and trying to describe the kp-AP, strengthened this type of approximation property as follows.
Deﬁnition. (See [15, Deﬁnition 7.1].) A Banach space X is said to have the (p, p)-approximation property ((p, p)-AP) if for
every sequence (xn) ∈ p(X) and ε > 0, there exists S ∈ F(X, X) such that ‖(xn − Sxn)‖p < ε.
Since kp(φxˆ) ‖xˆ‖p for all xˆ ∈ p(X), it is clear from Proposition 2.1(3) that (p, p)-AP implies the kp-AP. In this section,
we show that the kp-AP and the (p, p)-AP are the same for subspaces of Lp(μ)-spaces, μ being an arbitrary positive
measure.
Theorem 4.1. Let X be a Banach space. The following statements are equivalent:
(1) There exists a positive constant C so that ‖xˆ‖p  C · kp(φxˆ) for all xˆ ∈ p(X).
(2) X is C-isomorphic to a subspace of a Lp(μ)-space.
Proof. (1) ⇒ (2) According to [5, Theorem 7.3], we are going to prove that
n∑
i=1
‖xi‖p  C p
m∑
j=1
‖u j‖p
no matter how we choose {xi}ni=1 and {u j}mj=1 in X satisfying
n∑
i=1
∣∣〈xi, x∗〉∣∣p  m∑
j=1
∣∣〈u j, x∗〉∣∣p for all x∗ ∈ X∗.
Fix ﬁnite subsets {xi}ni=1 and {u j}mj=1 in X as before. If we put xˆ = (x1, . . . , xn,0,0, . . .), then φxˆ(Bp′ ) ⊂ p-conv(u1, . . . ,un,
0,0, . . .) [3, Proposition 3.1]. This leads up to
kp(φxˆ)
(
m∑
j=1
‖u j‖p
)1/p
and, by hypothesis, we have
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n∑
i=1
‖xi‖p
)1/p
 C · kp(φxˆ) C
(
m∑
j=1
‖u j‖p
)1/p
.
(2) ⇒ (1) Since condition (1) is inherited by closed subspaces, we can assume that X is a Lp(μ)-space. Now, from [15,
Section 5] we have
Πp(p′ , X) ⊂ Ep(X) ⊂ Kp(p′ , X) ⊂ Πdp(p′ , X)
with desirable inequalities of norms (here, Ep(X) is the space {φxˆ: xˆ ∈ p(X)} endowed with the norm ‖φxˆ‖Ep(X) = ‖xˆ‖p).
On the other hand, for every Banach space Y ,
Πdp(Y , X) ⊂ Ip(Y , X) ⊂ Πp(Y , X)
again with desirable inequalities of norms [1, Proposition 5.5 and Lemma 9.6]. Therefore, the spaces Kp(p′ , X) and Ep(X)
are isometrically isomorphic and (1) follows. 
Corollary 4.2. If X is C-isomorphic to a subspace of a Lp(μ)-space, then X has the (p, p)-AP if and only if X has the kp-AP.
Remark 4.3. The previous result provides a suﬃcient condition for the coincidence of both notions the (p, p)-AP and the
kp-AP. Nevertheless, it is not a necessary condition. For instance, 1 has the AP and, thus, the (p, p)-AP and the kp-AP for
p  1 but 1 is not a subspace of a Lp(μ)-space for p > 1.
Remark 4.4. Since the AP implies both the (p, p)-AP and the kp-AP for p  1, Corollary 4.2 makes sense for subspaces of
a Lp(μ)-space lacking the AP. In [6, Theorem 2.d.6] (respectively, [17] or [7, Theorem 1.g.4]), it is shown that there exists a
closed subspace of p which does not have the AP for p > 2 (respectively, 1 p < 2).
We do not know whether there exists a Banach space with the kp-AP but failing the (p, p)-AP.
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